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Let M be a number ﬁeld. Let W be a set of non-archimedean primes of M. Let
OM;W ¼ fx 2 M j ordpx50 8peWg:
The author continues her investigation of Diophantine deﬁnability and decidability
in rings OM;W where W is inﬁnite. In this paper, she improves her previous density
estimates and extends the results to the totally complex extensions of degree 2 of the
totally real ﬁelds. In particular, the following results are proved: (1) Let M be a
totally real ﬁeld or a totally complex extension of degree 2 of a totally real ﬁeld.
Then, for any e > 0, there exists a set WM of primes of M whose density is greater
than 1 ½M : Q	1  e and such that Z has a Diophantine deﬁnition over OM;WM .
(Thus, Hilbert’s Tenth Problem is undecidable in OM;WM .) (2) Let M be as above and
let e > 0 be given. Let SQ be the set of all rational primes splitting in M. (If the
extension is Galois but not cyclic, SQ contains all the rational primes.) Then there
exists a set of M-primes WM such that the set of rational primes WQ below WM
diﬀers from SQ by a set contained in a set of density less than e and such that Z has a
Diophantine deﬁnition over OM;WM . (Again this will imply that Hilbert’s Tenth
Problem is undecidable in OM;WM .) # 2002 Elsevier Science (USA)1. INTRODUCTION
The interest in the questions of Diophantine deﬁnability and decidability
goes back to a question which was posed by Hilbert: given an arbitrary
polynomial equation in several variables over Z, is there a uniform
algorithm to determine whether such an equation has solutions in Z? This
question, otherwise known as Hilbert’s Tenth Problem, has been answered
negatively in the work of M. Davis, H. Putnam, J. Robinson and Yu.
Matijasevich. (See [2, 3]). Since the time when this result was obtained,
similar questions have been raised for other ﬁelds and rings. Arguably, the227
0022-314X/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
ALEXANDRA SHLAPENTOKH228two most interesting and diﬃcult problems in the area are the questions of
Diophantine decidability of Q and the rings of algebraic integers of
arbitrary number ﬁelds. One way to resolve the question of Diophantine
decidability negatively over a ring of characteristic 0 is to construct a
Diophantine deﬁnition of Z over such a ring. This notion is deﬁned below.
Definition 1.1. Let R be a ring and let A 
 R. Then we say that A has
a Diophantine definition over R if there exists a polynomial f ðt; x1; . . . ; xnÞ 2
R½t; x1; . . . ; xn	 such that for any t 2 R,
9x1; . . . ; xn 2 R; f ðt; x1; . . . ; xnÞ ¼ 0, t 2 A:
If the quotient field of R is not algebraically closed, it can be shown that
we can allow a Diophantine definition to consist of several polynomials
without changing the nature of the relationship. (For more details see [3].)
Such Diophantine deﬁnitions have been obtained for Z over the rings of
algebraic integers of the following number ﬁelds: totally real extensions of
Q, their totally complex extensions of degree 2, the ﬁelds with exactly one
pair of complex conjugate embeddings and all the subﬁelds of the above-
mentioned ﬁelds. (These subﬁelds include all the abelian extensions of Q.)
For more details concerning these results see [4–6, 12–14]. However, not
much progress has been made towards resolving the Diophantine problem
of Q. Furthermore, one of the consequences of a series of conjectures by
Barry Mazur and Colliot-The´le`ne, Swinnerton-Dyer and Skorobogatov is
that Z does not have a Diophantine deﬁnition over Q, and thus one would
have to look to some other method for resolving the Diophantine problem
of Q. (Mazur’s conjectures can be found in [10, 11]. However, Colliot-
The´le`ne, Swinnerton-Dyer and Skorobogatov have found a counterexample
to the strongest of the conjectures in the papers cited above. Their
modiﬁcation of Mazur’s conjecture in view of the counterexample can be
found in [1].) Given the diﬃculty of the Diophantine problem for Q (and
number ﬁelds in general), one might adopt a gradual approach, i.e. one
might consider the Diophantine problem of a recursive ring of W -integers
which is deﬁned below for any product formula ﬁeld.
Definition 1.2. Let M be a product formula field (i.e. a function field
in one variable or a number field) and let W be a set of its non-archimedean
primes. Then a ring
OM;W ¼ fx 2 M j ordpx50 8peWg
is called a holomorphy ring of M if M is a function field and a ring of W -
integers in the case of number fields. (The term W -integers usually
presupposes that W is finite, but we will use this term for infinite W also.)
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W (see [15, 17]) the author has established the following results.
Theorem A. Let M be any totally real non-trivial extension of Q. Then
there exists an infinite recursively definable set W of finite primes of M such
that Z and the ring of algebraic integers of M have a Diophantine definition
over OM;W . (Thus, the Diophantine problem of OM;W is undecidable.)
Theorem B. If M is a totally real number field with a cyclic subextension
F of degree m, then for any e > 0 there exists a set of primes WM of M of
Dirichlet density greater than m1
m
 e such that OM and Z have a Diophantine
definition over OM;WM . Furthermore, if WF is the set of F -primes below WM ,
then the Dirichlet density of F can be arranged to be greater than
1 fðmÞ=m  e.
As a corollary of this theorem, the following result was obtained.
Corollary. For every d > 0, there exist a number field M and a set of
M-primes W such that the following statements are true:
* OM and Z have a Diophantine definition over OM;W .
* The density of W is greater than 1 d.
* The density of the set of rational primes below W is greater than 1 d.
In this paper we improve the results above in the following fashion. First of
all, the discussion is extended to totally complex extensions of degree 2 of
totally real ﬁelds. Secondly, we remove the assumption on cyclic
subextensions from Theorem B to prove the following theorem.
Theorem I. Let M be a totally real field or an extension of degree 2 of a
totally real field. Then for any e > 0 there exists a set WM of primes of M whose
density is bigger than 1 ½M : Q	1  e and such that Z has a Diophantine over
OM;WM . (Thus, Hilbert’s Tenth Problem is undecidable in OM;WM .)
(Theorem I follows from Theorems 2.7 and 3.12 and Corollaries 2.8 and
3.13 of this paper.)
Thirdly, we obtain high density estimates for the rational prime sets
involved while holding the extension degree constant. More speciﬁcally we
prove the following theorem.
Theorem II. Let M be as above and let e > 0 be given. Let SQ be the set
of all the rational primes splitting in M. (If the extension is Galois but not
cyclic, SQ contains all the rational primes.) Then there exists a set of
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SQ by a set contained in a set of density less than e and such that Z is definable
over OM;WM . (Again this will imply that Hilbert’s Tenth Problem is
undecidable in OM;WM .)
(Theorem II follows from Theorems 2.9 and 3.14 of this paper.)
Before we proceed with the proofs we need to state some propositions
which we will use later and provide some references for the bulk of the
number-theoretic machinery used in the paper.
Theorem 1.3. Let M be a number field. Let W be an arbitrary set of
primes of M (including the empty set or the set of all primes of M.) Let Q be a
non-Archimedean prime of M. Then the set of elements of OM;W integral at Q
and the set of non-zero elements of OM;W are Diophantine over OM;W .
(See [16]).
Proposition 1.4. Let M=G be a finite extension of number fields of
degree l. Let OG;WG be a ring of WG-integers of G and let OM;WM be the
integral closure of OG;WG in M. Let
Pðt1; . . . ; tr; u1; . . . ; uw;X1; . . . ;XsÞ 2 M½t1; . . . ; tr; u1; . . . ; uw;X1; . . . ;Xs	:
Then there exists
Qðt1; . . . ; tr; u1; . . . ; uw; x1;1; . . . ; xs;lÞ 2 G½t1; . . . ; tr; u1; . . . ; uw; x1;1; . . . ; xs;l 	
such that 8t1; . . . ; tr 2 OG;WG ,
9u1; . . . ; uw2OG;WG ;X1; . . . ;Xs2OM;WM ;Pðt1; . . . ; tr; u1; . . . ; uw;X1; . . . ;XsÞ¼0
, 9u1; . . . ; uw; x1;1; . . . ; xs;l2OG;WG ;Qðt1; . . . ; tr; u1; . . . ; uw; x1;1; . . . ; xs;lÞ¼0:
(See [17, Proposition 1.7]).
Finally we need another result from [17].
Theorem 1.5. Let M=F be a non-trivial finite extension of totally real
fields. Let MG be the Galois closure of M over F . Let L=F be a totally
complex extension of degree 2 of F . Let K=F be a totally real cyclic extension
of degree p, where p is an odd prime such that p > maxð½F : Q	; ½M : F 	Þ.
Assume further that the product of any two fields in the triple ðMG;K ;LÞ is
linearly disjoint from the third one over F . Let PF be a prime of F satisfying
the following conditions:
1. PF does not split in the extension M=F .
2. PF splits completely in the extension KL=F .
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modulo PM}the sole factor of PF in M. Let VKMG be the set of all primes of
M dividing the discriminant of dG over M or one of the coefficients of the
monic irreducible polynomial of dG over M. Finally, let W KM be a set of primes
of M not splitting in the extension MK=M and not contained in VKMG . Then
OM;W K
M
[fPMg \ F has a Diophantine definition over OM;W KM[fPMg. (See [17,
Notations 2.1 and Theorem 4.4].)
We have moved to the Appendix some technical propositions that we
need for our proofs but which are of a general nature. Finally, we should
note that this paper makes an extensive use of the Chebotarev density
theorem. This theorem, as well as the deﬁnition of Dirichlet density of a
prime set, can be found in [8].
2. TOTALLY REAL CASE
We start with making improvements for the case of totally real ﬁelds.
Lemma 2.1. Let M=Q be a totally real Galois extension. Let F1; . . . ;Fr be
all the cyclic subextensions of M. Then for any prime number p greater than
½M : Q	 and any negative rational integer d, the following conditions are
satisfied for j ¼ 1; . . . ; r and any K , a totally real cyclic extension of Q of
degree p.
1. There exists an Fj-prime PFj ;j not splitting in the extension M=Fj and
such that the M-prime PM;j above it splits completely in the extension
MKð ﬃﬃﬃdp Þ.
2. PFj ;j splits completely in the extension KFjð
ﬃﬃﬃ
d
p Þ=Fj.
3. The product of any two fields in the triple ðM;KFj;Fjð
ﬃﬃﬃ
d
p ÞÞ is linearly
disjoint from the third one over Fj .
4. There exists dK 2 OK generating K over Q, as well as MK over M,
such that PM;j or any of its conjugates over Q do not divide the
discriminant of dK or any of the coefficients of the monic irreducible
polynomial of dK over Q (or M).
Proof. First of all we observe that since ½K : Q	 ¼ p and
p [ ½Fj : Q	;K \ Fj ¼ Q. Hence, since K=Q is Galois, we can conclude that
Fj and K are linearly disjoint over Q by Lemma A.2. Thus by Lemma A.1,
we can conclude that KFj=K is also a cyclic extension of degree p. Next
consider extensions Mð ﬃﬃﬃdp Þ=Fj and KFj=Fj. Observe that KFj and Mð
ﬃﬃﬃ
d
p Þ
are linearly disjoint over Fj because, as has been noted above, FjK=Fj is a
Galois extension of prime degree, and we can apply Lemma 4.2 again.
,
r
.
j
-
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ﬃﬃﬃ
d
p
is of degree 2 over MK , since MK is a totally real ﬁeld. Thus
Fjð
ﬃﬃﬃ
d
p Þ is linearly disjoint from MK over Fj by Lemma 4.1. Finally, conside
MKð ﬃﬃﬃdp Þ=M. By arguments similar to the ones used above, the bigger ﬁeld
contains an element of degree p over M and an element of degree 2 over M
Hence the extension is of degree at least 2p and thus exactly 2p. Since
½MKð ﬃﬃﬃdp Þ : M	 ¼ ½KFjð
ﬃﬃﬃ
d
p Þ : Fj	, we conclude that M and Kð
ﬃﬃﬃ
d
p Þ are
linearly disjoint over Fj by Lemma 4.1.
Next by Lemma 4.3, there are inﬁnitely many primes Pj of Fj splitting
completely in KFjð
ﬃﬃﬃ
d
p Þ, remaining prime in M, with the sole M-factor of P
splitting completely in the extension MKð ﬃﬃﬃdp Þ=M. Fix a dK 2 OK generating
K over Q. Pick a prime Pj so that neither it nor any of its conjugates over Q
divide the discriminant of dK or the coeﬃcients of dK ’s monic irreducible
polynomial over Fj (or Q). ]
Theorem 2.2. Let M;K ; d;F1; . . . ;Fr;PM;1; . . . ;PM;r; dK be as in Lem
ma 2.1. Let W KM be the set of primes of M not splitting in the extension
MK=M and such that neither these primes nor their conjugates over Q divide
the discriminant of dK over Q or the coefficients of the monic irreducible
polynomial of dK over Q. Then OM;W K
M
[fPM;1;...;PM;rg \Q has a Diophantine
definition over OM;W K
M
[fPM;1;...;PM;rg.
Proof. By Theorem 1.3, for all j ¼ 1; . . . ; r, there exists a polynomial
Pjðt; x1;j; . . . ; xsj ;jÞ 2 OM ½t; x1;j; . . . ; xsj ;j 	
such that for all t 2 OM;W K
M
[fPM;1;...;PM;rg,
9x1;j ; . . . ; xsj ;j 2 OM;W KM[fPM;1;...;PM;rg; Pjðt; x1;j; . . . ; xsj ;jÞ ¼ 0
if and only if
t 2 OM;W K
M
[fPM;jg:
Further, by Theorem 1.5, for all j ¼ 1; . . . ; r, there exists a polynomial
Qjðt; y1;j; . . . ; yuj ;jÞ 2 OM ½t; y1;j; . . . ; yuj ;j 	
such that for all t 2 OM;W K
M
[fPM;jg,
9y1;j ; . . . ; yuj ;j 2 OM;W KM[fPM;jg;Qjðt; y1;j; . . . ; yuj ;jÞ ¼ 0
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M
[fPM;jg \ Fj. So consider the following system of
equations over OM;W K
M
[fPM;1;...;PM;rg:
Pjðt; x1;j; . . . ; xsj ;jÞ ¼ 0; j ¼ 1; . . . ; r;
Pjðyk;j; x1;j;k; . . . ; xsj ;j;kÞ ¼ 0; k ¼ 1; . . . ; uj ; j ¼ 1; . . . ; r;
Qjðt; y1;j; . . . ; yuj ;jÞ ¼ 0; j ¼ 1; . . . ; r:
8><
>:
ð2:1Þ
If for some t 2 OM;W K
M
[fPM;1;...;PM;rg this system is satisﬁed over
OM;W K
M
[fPM;1;...;PM;rg, then clearly t 2 F1 \    \ Fr ¼ Q. Conversely, if
x 2 Z then the system can be satisﬁed for this x. Finally, note that every
element of OM;W K
M
[fPM;1;...;PM;rg \Q can be written as a ratio of two rational
integers. ]
Corollary 2.3. Let L be any totally real field. Let M be the Galois
closure of L overQ. Let K be a cyclic extension ofQ of prime degree p greater
than ½M : Q	. Let W KL be a set of primes of L remaining prime in the extension
KL=L. Then there exists a set of L-primes %W
K
L such that the set ðW KL = %W
K
L Þ [
ð %W KL =W KL Þ is finite and OL; %W KL \Q has a Diophantine definition
over O
L; %W
K
L
.
Proof. First of all note that L and K are linearly disjoint over Q, while
M and KL are linearly disjoint over L, by Lemma A.2. Let dK 2 OK
generate K over Q. Then dK will generate MK over M. Further, the
irreducible polynomials of dK over Q; L and M are the same. Let VL;1
consist of all the primes t in W KL such that t or one of its conjugate over Q
divide the discriminant of dK or one of the coeﬃcients of its monic
irreducible polynomial over Q. Then VL;1 is ﬁnite and by Lemma 4.4, the
factors of primes in W KL =VL;1 will not split in the extension MK=M. Let W
K
M
be all the primes above the primes of W KL =VL;1. By Theorem 2.2, there exist
a ﬁnite set of primes VM such that OW K
M
[VM \Q has a Diophantine
deﬁnition over OW K
M
[VM . We should note here that from Lemma 2.1 and
Theorem 2.2, we can assume that VM will consist of primes l of M such that
neither l nor any conjugate of l over Q divides the discriminant or the
coeﬃcients of the monic irreducible polynomial of dK over Q. Let VL;2 be
the set of primes below primes of VM and let WM be the set of M primes
above (W KL [ VL;2Þ=VL;1. Note that given the conditions on VM ; VL;2, will
not contain any elements of VL;1 or any conjugates of elements of VL;1. (In
general, WM will be bigger than W
K
M [ VM but the diﬀerence between the
sets will contain only ﬁnitely many primes.) Then OM;WM is the integral
closure of OL;ðW K
L
[VL;2Þ=VL;1 in M. Further, we claim that OL;ðW KL [VL;2Þ=VL;1 \Q
has a Diophantine deﬁnition over OL;ðW K
L
[VL;2Þ=VL;1 . Indeed, let Pðt; x1; . . . ; xnÞ
be a Diophantine deﬁnition of OM;W K
M
[VM \Q over OM;W KM[VM and let
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M
[VM over OM;WM . Let
t 2 OL;ðW K
L
[VL;2Þ=VL;1 
 OM;WM and assume that the following system is
satisﬁed over OM;WM :
Qðt; z1; . . . ; zsÞ ¼ 0;
Qðx1; z1;1; . . . ; z1;sÞ ¼ 0;
..
.
Qðxn; zn;1; . . . ; zn;sÞ ¼ 0;
Pðt; x1; . . . ; xnÞ ¼ 0:
8>>>><
>>>>:
ð2:2Þ
Then t 2 OL;ðW K
L
[VL;2Þ=VL;1 \Q. Conversely, if t 2 Z, these equations can be
satisﬁed over OM;WM and every element of OL;W K
L
[VL;2=VL;1 \Q can be written
as a ratio of two integers. Finally, by Proposition 1.4, system (2.2) can be
rewritten as an equivalent system with all the coeﬃcients in OL and all the
variables ranging over OL;W K
L
[V2=V1 . ]
From this corollary we will derive two deﬁnability results: ‘‘from above’’ and
‘‘from below.’’ By a view from ‘‘above,’’ we mean a view of the situation from
the vantage point of the prime sets in the extension, while a view from ‘‘below’’
will consider the underlying set of rational primes. First a view from above.
Theorem 2.4. Let L be any totally real field. Let WL be any set of primes
of L. Then for any e > 0 there exists a set of L-primes %W L such that WL= %W L
is contained in a set of Dirichlet density less than e; %W L =WL is finite and such
that OL; %W L \Q has a Diophantine definition over OL; %W L .
Proof. Let e and WL be given. Let K be a cyclic extension of Q of degree
p, where p is a prime bigger than e1 and p greater than ½M : Q	, where M is,
as before, the Galois closure of L over Q. By Lemmas A.2 and A.1, the
extension LK=L is a cyclic extension of prime degree. By the Chebotarev
density theorem, the Dirichlet density of primes of L splitting in the
extension LK=L is 1=p. So if W KL is the collection of all the primes in WL not
splitting in the extension KL=L, then WL=W
K
L is contained in the set of
density less than 1=p5e. On the other hand, by Corollary 2.3, there exists a
set of L-primes %W
K
L which diﬀers from W
K
L by ﬁnitely many primes and such
that O
L; %W
K
L
\Q has a Diophantine deﬁnition over O
L; %W
K
L
. Thus the assertion
of the lemma is true for %W L ¼ %W KL . ]
Now two views from below.
Theorem 2.5. Let WQ be any set of rational primes. Then for any e > 0
and any totally real number field L, there exists a set of rational primes %WQ
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less than e, and OQ; %WQ has a Diophantine definition in its integral closure in L.
Proof. Let M be the Galois closure of L over Q. Let K be a totally real
cyclic extension of Q of prime degree p such that p > e1 and p greater than
½M : Q	. Let W KQ be the subset of WQ consisting of all the primes in WQ not
splitting in K . By the Chebotarev density theorem, WQ=W
K
Q is contained in
a set of density 1=p5e. Next we note that by Lemmas A.2 and A.1, KL=L
and MK=M are cyclic extensions of degree p. Further, the L-factors of
primes in W KQ do not split in the extension KL=L, by Lemma A.4. Indeed,
we know that the M-factors of primes in W KQ do not split in the extension
MK=M. Since p does not divide ½M : L	 this implies the same behavior on
the part of L-factors of primes in W KQ . Let W
K
L be the set of
L-primes above the primes of W KQ . By Corollary 2.3, there exists a set
%W
K
L diﬀering from W
K
L by ﬁnitely many primes only such that OL; %W KL
\Q
has a Diophantine deﬁnition over O
L; %W
K
L
. Let %WQ be the set of primes below
%W
K
L . Then
%WQ can diﬀer from W
K
Q by at most ﬁnitely many primes. Let
%W L be
the set of L-primes above the primes of %WQ. Then %W L can be bigger than %W
K
L
by at most ﬁnitely many primes. We claim that the following statements are true.
* OL; %W L is the integral closure of OQ; %WQ .
* OQ; %WQ has a Diophantine deﬁnition over OL; %W L .
The ﬁrst assertion is clearly true by construction of the prime sets. To see
that the second assertion is true, note the following. First of all, since %W L is
bigger than %W
K
L by ﬁnitely many primes at the most, OL; %W KL
has a Dio-
phantine deﬁnition over OL; %W L . Let Pðt; x1; . . . ; xsÞ be such a
Diophantine deﬁnition. As we have observed above, O
L; %W
K
L
\Q has a Dio-
phantine deﬁnition over O
L; %W
K
L
. Let Qðt; y1; . . . ; ylÞ be a corresponding
Diophantine deﬁnition. Note that Z 
 O %W KL \Q. Finally consider the
following system of equations:
Pðzi; xi;1; . . . ; xi;sÞ ¼ 0; i ¼ 1; 2;
Pðyi;j; xi;j;1; . . . ; xi;j;sÞ ¼ 0; i ¼ 1; 2; j ¼ 1; . . . ; l;
Qðzi; yi;1; . . . ; yi;lÞ ¼ 0; i ¼ 1; 2;
w ¼ z1=z2; z2a0:
8>><
>>:
ð2:3Þ
Suppose now that this system is satisﬁed over OL; %W L . Then P-equations
imply that z1; z2; y1;1; . . . ; y2;l 2 OL; %W KL . Then Q-equations imply that z1; z2 2
Q and therefore w 2 Q \OL; %W L ¼ OQ; %WQ .
Conversely, let w 2 OQ; %WQ . Then for some z1; z2a0 2 Z, w ¼ z1=z2.
Further, since z1; z2 2 OL; %W KL \Q, there exist y1;1; . . . ; y2;l 2 OL; %W KL so that
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x1;1; . . . ; x2;s; x1;1;1; . . . ; x2;l;s 2 OL; %W L
such that the P-equations are satisﬁed. ]
The next theorem is a slightly diﬀerent version of Theorem 2.5. This
version will be more useful than the one above for proving undecidability
results. The proof of the theorem can be easily obtained by a slight change in
the proof of Theorem 2.5.
Theorem 2.6. Let WQ be any set of rational primes. Let L be a totally
real field and let e > 0 be given. Then there exists a set of rational primes
%WQ 
 WQ with WQ= %WQ contained in a set of primes of density less than e
and such that for any set VL of primes of L lying above a subset of primes of
%WQ there exists a set %V L  VL of primes of L with %V L=VL finite and such that
OL; %V L \Q has a Diophantine definition over OL; %V L .
We will now turn to some undecidability results ‘‘from above and from
below’’. First a view from above.
Theorem 2.7. Let L be a totally real field which is a non-trivial extension
of Q. Let wL be the density of the set of rational primes splitting completely in
L. Then for any e > 0 there exists a set %W L of primes of L whose density is
bigger than 1 wL  e and such that Z has a Diophantine over OL; %W L . (Thus,
Hilbert’s Tenth Problem is undecidable in OL; %W L .)
Proof. Let VL be the set of all primes of L having at least one conjugate
over Q, including itself, of relative degree 1. The density of VL is 1. In each
conjugate set in VL pick a prime of highest possible relative degree and remove
it. Let the resulting set be WL. Compute the density of WL. It is clearly 1 minus
the density of the removed primes. The primes in the removed set which are
contributing to the density are the ones of relative degree 1. If they were picked
to be removed, then all of their conjugates are of relative degree 1. Hence,
these primes lie above rational primes splitting completely in L. Thus, the
problem is reduced to a calculation of the density of the following set: O ¼
fPjP is a prime of L lying above a completely splitting rational prime P and
is the only factor of P in Og. It is clear that the density of O is equal to the
density of the set of rational primes splitting completely in L.
Next we note that by Theorem 2.4, there exists a set of L-primes %W L
such that %W L=WL is ﬁnite, WL= %W L is contained in a set of density less
than e and OL; %W L \Q has a Diophantine deﬁnition over OL; %W L . By
construction of OL; %W L , OL; %W L \Q ¼ OQ;VQ , where VQ is a ﬁnite or empty set
of rational primes. Since Z has a Diophantine deﬁnition over such a set, we are
done. ]
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Corollary 2.8. Let L be a totally real extension of Q. Then for any
e > 0 there exists a set %W L of primes of L whose density is bigger than
1 1=½L : Q	  e and such that Z has a Diophantine definition over OL; %W L .
Now a view from below.
Theorem 2.9. Let L be any totally real field and let e > 0 be given. Let
SQ be the set of all rational primes splitting in L. (If the extension is Galois but
not cyclic, SQ contains all the primes.) Then there exists a set of L-primes %V L
such that the set of rational primes %SQ below %V L differs from SQ by a set
contained in a set of density less than e and such that Z is definable over OL; %VL .
Proof. By Theorem 2.6, there exists a set of rational primes %SQ 
 SQ
with SQ= %SQ contained in a set of primes of density less than e and such that
for any set VL of primes of L lying above a subset of primes of %SQ, there
exists a set %V L  VL of primes of L with %VL =VL ﬁnite and such that OL; %VL \
Q has a Diophantine deﬁnition over OL; %VL .
Let SL be the set of all the primes of L above %SQ. Next let VL be
constructed in the following manner from SL. For every prime P 2 %SQ, let
p1; . . . ; pkP be all of its conjugates in L and also in SL. Discard one of the
factors and put the remaining factors into VL. Note that since SQ consisted
of rational primes splitting in L, and %SQ 
 SQ; VL will contain at least one
factor for every prime in %SQ. Next note that since %VL=VL is ﬁnite,
OL; %V L \Q ¼ OQ;VQ , where VQ is ﬁnite. Since by Theorem 1.3, Z has a
Diophantine deﬁnition over OQ;VQ , we are done. ]
Finally, it is worth restating this result for the case of a non-cyclic totally
real Galois extension, where we get the following.
Corollary 2.10. Let L be a totally real Galois extension of Q which is
not cyclic. Then for any e > 0 there exists a set %VL of primes of L such that
%SQ, the set of rational primes below %V L, is of density greater than 1 e and Z
is definable over OL; %VL .
3. TOTALLY COMPLEX EXTENSIONS OF DEGREE 2 OF
TOTALLY REAL FIELDS
In this section we will obtain results analogous to the ones we have
obtained in the preceding section for totally real ﬁelds, for totally complex
extensions of degree 2 of totally real ﬁelds. We obtain this extension using
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have integral unit groups of the same rank. We will use this property of the
ﬁelds involved to give a Diophantine deﬁnition of a ring of W -integers of a
totally real ﬁeld over its integral closure in a totally complex extension of
degree 2.
Lemma 3.1. Let L be a totally real field. Let d 2 L be such that Lð ﬃﬃﬃdp Þ is
a totally complex extension of Q. Let K be a totally real cyclic extension of L
of odd prime degree p. Let WLð
ﬃﬃ
d
p
Þ be a set of primes of Lð
ﬃﬃﬃ
d
p Þ not splitting in
the extension Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ. Let e be an element of the integral closure of
OLð ﬃﬃdp Þ;W
Lð
ﬃﬃ
d
p
Þ
in Kð ﬃﬃﬃdp Þ. Then the following statements are true:
* If e satisfies
NKð ﬃﬃdp Þ=Lð ﬃﬃdp ÞðeÞ ¼ 1; ð3:1Þ
then e 2 OKð ﬃﬃdp Þ.
* There exists a natural number m depending on K ;L; d only, such that
em 2 K .
Proof. Since e is an element of the integral closure of OLð ﬃﬃdp Þ;W
Lð
ﬃﬃ
d
p
Þ
in
Kð ﬃﬃﬃdp Þ, the only primes which can appear in the denominator of its divisor
are the factors of the primes in WLð
ﬃﬃ
d
p
Þ. On the other hand, since
NKð ﬃﬃdp Þ=Lð ﬃﬃdp ÞðeÞ ¼ 1, we must conclude that every prime appearing in the
divisor of e must have a distinct conjugate over Lð ﬃﬃﬃdp Þ. This is not true of
primes in WLð ﬃﬃdp Þ. Therefore, the only elements of the integral closure of
OLð
ﬃﬃ
d
p
Þ;W
Lð
ﬃﬃ
d
p
Þ
in Kð ﬃﬃﬃdp Þ satisfying (3.1) are integral units. On the other hand,
since the integral unit group of Kð ﬃﬃﬃdp Þ is ﬁnitely generated and has the same rank
as the integral unit group of K , there exists a natural number m > 0 such that the
mth powers of any integral unit in Kð ﬃﬃﬃdp Þ is in K . Hence, the lemma is true. ]
Corollary 3.2. Let K ;L; d;m; e be as in Lemma 3.1. Let dK be an
integral generator of Kð ﬃﬃﬃdp Þ over Lð ﬃﬃﬃdp Þ and assume em ¼Pp1i¼0 aidiK ; ai 2
OLð
ﬃﬃ
d
p
Þ;W
Lð
ﬃﬃ
d
p
Þ
. Then a0; . . . ; ap1 2 OLð ﬃﬃdp Þ;W
Lð
ﬃﬃ
d
p
Þ
\ L.
The proof of the following lemma is similar to the proof of Lemma 3.1 in
[17], but some details had to be changed. In particular, over ﬁelds which are
not totally real we do not currently have the means of writing inequalities
involving absolute values directly.
Lemma 3.3. Let K ;L; d; dK be as in Lemma 3.1 and Lemma 3.2. Let D be
the discriminant of dK over L. Let HðTÞ be the monic irreducible polynomial
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ﬃﬃﬃ
d
p Þ. Let F1aK ; . . . ;F½Lð ﬃﬃdp Þ:Q	aK be totally real cyclic ex-
tensions of distinct prime degrees q1; . . . ; q½Lð
ﬃﬃ
d
p
Þ:Q	 over L and let GuðTÞ;
u ¼ 1; . . . ; ½Lð ﬃﬃﬃdp Þ : Q	 be the monic irreducible polynomial of an integral
generator of Fu over L. Let
a
b 2 Lð
ﬃﬃﬃ
d
p Þ with a; b 2 OLð ﬃﬃdp Þ and relatively prime
to each other. Let y 2 OL/{O} be such that y is not an integral unit,
y
Hða=b liÞ 2 OLð
ﬃﬃ
d
p
Þ; i ¼ 0; . . . ; ½Kð
ﬃﬃﬃ
d
p
Þ : Q	; ð3:2Þ
y
Guða=b liÞ 2 OLð
ﬃﬃ
d
p
Þ; i ¼ 0; . . . ; ½Fuð
ﬃﬃﬃ
d
p
Þ : Q	; u ¼ 1; . . . ; ½Lð
ﬃﬃﬃ
d
p
Þ : Q	;
ð3:3Þ
where l0 ¼ 0; . . . ; lz; z ¼ maxuð½Kð
ﬃﬃﬃ
d
p Þ : Q	; ½Fuð
ﬃﬃﬃ
d
p Þ : Q	Þ are distinct
natural numbers. Let
NLð
ﬃﬃ
d
p
Þ=QðbÞa=b ¼ e0 þ e1
ﬃﬃﬃ
d
p
; e0; e1 2 L: ð3:4Þ
Then there exists a constant c > 0 depending on l0; . . . ; lz;K ; d;HðTÞ;Fu;D;
GuðTÞ and L only such that
jNL=QðDdeiÞj5jNL=QðyÞjc; i ¼ 0; 1: ð3:5Þ
Proof. Let G0 ¼ H; F0 ¼ K ; q0 ¼ p. Let C be defined as in Lemma A.10
with %ti the set of roots of Gi. Then, by this lemma applied to conjugates of
a=b over Q in place of z1; . . . ; zn, for some i ¼ 0; . . . ; ½Lð
ﬃﬃﬃ
d
p Þ : Q	, for all
groots of GiðTÞ and all s-embeddings of Lð
ﬃﬃﬃ
d
p Þ into
C; jsða=bÞ  gj > C=2. Denote Fið
ﬃﬃﬃ
d
p Þ for this i by M. Then in M
yQ
g ða=b li  gÞ
¼ yb
degðGiÞ
Q
g ða lib gbÞ
2 OM : ð3:6Þ
Since ða; bÞ ¼ 1 in OLð ﬃﬃdp Þ; ðb; a lib gbÞ ¼ 1. Thus, for each g;
y=ða lib gbÞ 2 OM . Therefore,
jNM=Qða lib gbÞj4jNL=QðyÞ2qi j;
jNM=QðbÞjjNM=Qða=b li  gÞj4jNL=QðyÞ2qi j:
Using the fact that jNM=QðbÞj51, we can conclude that
jNM=Qða=b li  gÞj4jNL=QðyÞ2qi j: ð3:7Þ
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all embeddings s of M into C, we can conclude that
jNLð ﬃﬃdp Þ=QðbÞj ¼ jNM=QðbÞj1=qi4ðC=2Þ½M:Q	=qi jNL=QðyÞ2j:
From (3.7) and an argument similar to the one used to prove Lemma 3.2 of
[15] we can conclude that there exists a positive constant %C depending on
l0; . . . ; lz;L;K ;F ;GiðTÞ and HðTÞ only such that
jsða=bÞj4 %CjNL=QðyÞ2qi j ð3:8Þ
for all s-embeddings of M into C. Using (3.8) and Lemma A.6, we can now
conclude that
jNLð ﬃﬃdp Þ=QðbÞja=b ¼ e0 þ e1
ﬃﬃﬃ
d
p
; ð3:9Þ
where e0; e1 2 L and for all embeddings s of L into C,
jsðeiÞj4CˆjNL=QðyÞ2qiþ2j; ð3:10Þ
where Cˆ is a positive constant depending on l0; . . . ; lz;K ; d;F ;GiðTÞ;HðTÞ
only. Since y is not an integral unit and jNL=QðyÞj52, for some positive
constant c depending on D; d; l0; . . . ; lz;K ;L;F ;HðTÞ;GiðTÞ only
jNL=QðDdeiÞj5jNL=QðyÞcj: ð3:11Þ
Lemma 3.4. Let L;K ; d; dK ;HðTÞ; c;Fi;GiðtÞ; z; l0 ¼ 0; . . . ; lz;D;m be as
in Lemmas 3.1–3.3. Let W˜Lð ﬃﬃdp Þ be a set of primes not splitting in the
extensions Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ and Fið
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ; i ¼ 1; . . . ; ½Lð ﬃﬃﬃdp Þ : Q	. Let
VLð ﬃﬃdp Þ be the set of all the primes of Lð
ﬃﬃﬃ
d
p Þ dividing the discriminant of HðTÞ
or GiðTÞ or one of their coefficients. Let %W Lð ﬃﬃdp Þ ¼ W˜Lð ﬃﬃdp Þ=VLð ﬃﬃdp Þ. Let %W L
be the set of L-primes below %W Lð ﬃﬃdp Þ. Let l ¼ lðDÞ be defined as in Lemma A.5
with dK in place of d; Kð
ﬃﬃﬃ
d
p Þ in place of F and Lð ﬃﬃﬃdp Þ in place of E. Let
hL; hLð ﬃﬃdp Þ denote the class numbers of L and Lð
ﬃﬃﬃ
d
p Þ, respectively. Suppose the
following equations are satisfied in variables a0;j; . . . ; ap1;j;
b0;j; . . . ; bp1;j; x; x0; . . . ; xr, fr;0; . . . ; fr;z;wr;0; . . . ;wr;z;U0;r; . . . ;Up1;r; v0;r; . . . ;
vp1;r over OLð
ﬃﬃ
d
p
Þ; %W
Lð
ﬃﬃ
d
p
Þ
for all r ¼ 0; . . . ; hLð ﬃﬃdp Þ; j ¼ 1; . . ., hLð ﬃﬃdp Þ þ 2:
nj ¼
Xp1
i¼0
ai;jd
i
K ; rj ¼
Xp1
i¼0
bi;jd
i
K ; ð3:12Þ
NKð ﬃﬃdp Þ=Lð ﬃﬃdp ÞðrjÞ ¼ 1; ð3:13Þ
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xr ¼ ðx þ srÞhLð ﬃﬃdp Þ ; ð3:15Þ
where s1 ¼ 0; . . . ; sh
Lð
ﬃﬃ
d
p
Þ are distinct natural numbers; for some s ¼ 1; . . . ;
p  1; as;1a0 and
wr;i ¼
ahLs;1
Hðxr  liÞ; i ¼ 0; . . . ; z; as;1 ﬃ 0 modulo P; ð3:16Þ
where P is a fixed rational prime splitting completely in the extension
Kð ﬃﬃﬃdp Þ=Q and thus not lying below any prime of Lð ﬃﬃﬃdp Þ in %W Lð ﬃﬃdp Þ;
fr;i ¼
ahLs;1Q½Lð ﬃﬃdp Þ:Q	
u¼1 Guðxr  liÞ
; i ¼ 0; . . . ; z; ð3:17Þ
U0;r þ U1;rdK þ    þ Up1;rdp1K ¼
nrþ2  1
n2  1 ; ð3:18Þ
Dðxr  U0;r  U1;rdK      Up1;rdp1K Þ
¼ achLs;1 ðv0;r þ v1;rdK þ    þ vp1;rdp1K Þ: ð3:19Þ
Then x 2 L.
Proof. First of all, we observe that by Lemma A.8, for any Lð ﬃﬃﬃdp Þ-prime
q, not splitting in the extensions Fuð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ or Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ, and not
dividing the discriminants or the coeﬃcients of HðTÞ or GuðTÞ for all
u; ordqHðxr  liÞ40; ordqGuðxr  liÞ40. In particular, for any q 2
%W Lð ﬃﬃdp Þ; ordqHðxr  liÞ40; ordqGuðxr  liÞ ¼ 0, since %W Lð ﬃﬃdp Þ contains only
primes not splitting in the extensions Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ or Fuð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ, and
not dividing the discriminants of HðTÞ and GuðTÞ’s or their coeﬃcients.
Hence, we can conclude that Hðxr  liÞ and Guðxr  liÞ do not have positive
order at any primes where elements of the ring OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
are allowed
negative orders. Thus,
a
hL
s;1
HðxrliÞ and
a
hL
s;1
GuðxrliÞ can have negative order only at
primes where as;1 has negative order.
By Lemma 3.1, rj is an integral unit of Kð
ﬃﬃﬃ
d
p Þ for all j ¼ 1; . . . ; hLð ﬃﬃdp Þ þ 2
and nj is an integral unit of K for all values of the index. Further, since dK
generates K over L and Kð ﬃﬃﬃdp Þ over Lð ﬃﬃﬃdp Þ, and has the same degree over
both ﬁelds, by Lemma 4.5, ai;j 2 OL. Therefore,
ahLs;1
Hðxr  liÞ;
ahLs;1
Guðxr  liÞ 2 OLð
ﬃﬃ
d
p Þ:
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Kð ﬃﬃﬃdp Þ=L and Fuð
ﬃﬃﬃ
d
p Þ=L are Galois, if P is a prime of L splitting in the
extension Lð ﬃﬃﬃdp Þ=L, then either both of its factors in Lð ﬃﬃﬃdp Þ split in one the
extensions Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ or Fuð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ, or neither does. Thus
A ¼ BC, where B is the product of L-primes whose factors in Lð ﬃﬃﬃdp Þ do
not split in any of the extensions Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ or Fuð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ, and do
not divide the coeﬃcients or the discriminants of HðTÞ and GuðTÞ, while C
is an integral divisor composed of L-primes all of whose factors split in
Kð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ or Fuð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ for some u, or divide the coeﬃcients or the
discriminant of HðTÞ or GuðTÞ for some u. (We remind the reader here that
HðTÞ;GuðTÞ 2 L½T 	.) Further, ahLs;1 ¼ zy, where z; y 2 OL; y ﬃ 0 modulo P,
the divisor of z is B, the divisor of y is C,
y
Hðxr  liÞ 2 OLð
ﬃﬃ
d
p Þ; i ¼ 0; . . . ; z;
and
y
Guðxr  liÞ 2 OLð
ﬃﬃ
d
p Þ; i ¼ 0; . . . ; z; u ¼ 1; . . . ; ½Lð
ﬃﬃﬃ
d
p
Þ : Q	:
Therefore, since y is not an integral unit, by Lemma 3.3 we can conclude
the following:
xr ¼ ar=br; ar; br 2 OLð ﬃﬃdp Þ; ð3:20Þ
NLð ﬃﬃdp Þ=QðbrÞxr ¼ e0;r þ e1;r
ﬃﬃﬃ
d
p
; jNL=QðDdei;rÞj5jNL=QðycÞj;
i ¼ 0; 1: ð3:21Þ
By (3.18)–(3.19), Dxr  DU0;r ¼ achLs;1 v0;r, where U0;r 2 OL; %W L . Further,
NLð ﬃﬃdp Þ=QðbrÞDxr  DNLð ﬃﬃdp Þ=QðbrÞU0;r ¼ NLð ﬃﬃdp Þ=QðbrÞachLs;1 v0;r:
Hence,
NLð ﬃﬃﬃDp Þ=QðbrÞDxr  Br ¼ achLs;1 Cr;
where as;1 2 OL;Br 2 OL; %W L ;NLð ﬃﬃdp Þ=QðbrÞxr 2 OLð ﬃﬃdp Þ. From the discussion
above, achLs;1 ¼ yczc; where yc; zc 2 OL and the divisor of yc has no factors at
which elements of the ring OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
are allowed to have negative orders.
Thus,
NL=QðbrÞDxr  Br ¼ ycZr;
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Lð
ﬃﬃ
d
p
Þ
. Further, by the Strong Approximation Theorem,
there exists Ar 2 OL such that BrAryc 2 OL; %W L . Thus, we have
NF=QðbrÞDxr  Ar ¼ ycEr; ð3:22Þ
where Er 2 OLð ﬃﬃdp Þ. The left-hand side of (3.22) can be rewritten as
De0;r  Ar þ De1;r
ﬃﬃﬃ
d
p
¼ ycEr:
Hence, we can conclude that
De0;r  Ar
yc
þ De1;r
yc
ﬃﬃﬃ
d
p
is an algebraic integer. Then by a well-known number theoretic result,
dDe1;r=y
c is an algebraic integer. This however implies that
NL=QðDde1;rÞ ¼ 0
or
NL=QðdDe1;rÞ5NL=QðycÞ:
The latter case, however, contradicts (3.21). Thus, e1;r ¼ 0 and consequently
xr 2 L. By Lemma 5.2 of [15], having xr 2 L for r ¼ 1; . . . ; hLð ﬃﬃdp Þ implies
x 2 L. ]
Lemma 3.5. Let x 2 N. Then Eqs. (3.12)–(3.19) can be satisfied in all the
other variables over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
.
Proof. We will use the same notations as in Lemma 3.4. Let x be a
natural number. Then for all r, let xr ¼ ðx þ srÞhLð ﬃﬃdp Þ to satisfy (3.15) and
note that xr will also be a natural number. Next let m be an integral unit of K
such that NK=LðmÞ ¼ 1 and such that m is not a root of unity. Then
NKð ﬃﬃdp Þ=Lð ﬃﬃdp ÞðmÞ ¼ 1 also. Let
B ¼
YhLð ﬃﬃdp Þ
r¼0
Yz
i¼0
Y½Lð ﬃﬃdp Þ:Q	
u¼1
Hðxr  liÞGuðxr  liÞ:
By Lemma 4.5, there exists a positive natural number lðDBPÞ such that
mlðDBPÞ ¼Pp1i¼0 aidiK ; ai 2 OL and
mlðDBPÞ  1 ¼ P
YhLð ﬃﬃdp Þ
r¼0
Yz
i¼0
Y½Lð ﬃﬃdp Þ:Q	
u¼1
Hðxr  liÞGuðxr  liÞw; w 2 OK :
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n1; r1. Next note that n1 2 K is a power of mlðDBPÞ and thus
n1  1 ¼ DP
YhLð ﬃﬃdp Þ
r¼0
Y
i;u
Hðxr  liÞGuðxr  liÞv; v 2 OK :
In other words,
n1  1
P
Qh
Lð
ﬃﬃ
d
p
Þ
r¼0
Q
i;u Hðxr  liÞGuðxr  liÞ
¼ Dv; v 2 OK :
Thus,
n1  1
P
Qh
Lð
ﬃﬃ
d
p
Þ
r¼0
Q
i;u Hðxr  liÞGuðxr  liÞ
¼
Xp1
i¼0
u1;id
i
K ; u1;i 2 OL:
On the other hand, n1 ¼
Pp1
i¼0 ai;1d
i
K ; ai;1 2 OL. Thus, we conclude that for
some s ¼ 1; . . . ; p  1; as;1a0 and
as;1 ¼ P
YhLð ﬃﬃdp Þ
r¼0
Y
i;u
Hðxr  liÞGuðxr  liÞus;1; us;1 2 OL
and therefore (3.16) and (3.17) can be satisﬁed. Next let r2 ¼ mlðDa
chL
s;1
Þ;
n2¼ rlðDÞm2 ; rrþ2¼ mlðDa
chL
s;1
Þxr ; nrþ2 ¼ rlðDÞmrþ2 . Thus, nrþ2 ¼ nxr2 . Hence, n21 ﬃ 0
modulo as;1 in OK , and
nrþ2  1
n2  1 ﬃ xr modulo n2  1
in OK . Therefore,
nrþ2  1
n2  1 ﬃ xr modulo a
chL
s;1 ð3:23Þ
in OK . At this point we can also conclude that (3.12)–(3.14) will be
satisﬁed for all j. Note further that for all r; nrþ21n21 2 Z½n2	 
 OL½dK 	. Thus,
(3.18) is satisﬁed for all r with Us;r 2 OL; s ¼ 0; . . . ; p  1. From (3.23), we
conclude that
ðxr  U0;r  U1;rdK      Up1;rdp1K Þ
achLs;1
2 OK :
Hence, Dðxr  U0;rÞ;DU1;r; . . . ;DUp1;r are all equivalent to 0 modulo achLs;1
in OL and (3.19) will hold for all r. ]
We now have all the necessary ingredients to prove the following theorem.
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all of its conjugates over Q are negative. Let K ;F1; . . . ;F½L:ð
ﬃﬃ
d
p
Þ:Q	 be totally
real cyclic extensions of Q of distinct odd prime degrees greater than ½L : Q	.
Let W˜Lð ﬃﬃdp Þ be a set of primes of Lð
ﬃﬃﬃ
d
p Þ not splitting in the extensions
FuLð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ; u ¼ 1; . . . ; ½Lð ﬃﬃﬃdp Þ : Q	 and KLð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ. Then there
exists a set of Lð ﬃﬃﬃdp Þ-primes %W Lð ﬃﬃdp Þ  W˜Lð ﬃﬃdp Þ such that W˜Lð ﬃﬃdp Þ= %W Lð ﬃﬃdp Þ is
finite and OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
\ L has a Diophantine definition over
OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
.
Proof. By Lemmas 4.2 and 4.1, FuL=L and KL=L are cyclic extensions
of prime odd degree. Let %W Lð
ﬃﬃ
d
p
Þ be deﬁned as in Lemma 3.4. Then we can
apply Lemmas 3.4 and 3.5 with KL replacing K and LFu replacing Fu. In
these lemmas, we have shown that for any x 2 OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
, if Eqs. (3.12)–
(3.19) are satisﬁed in the remaining variables over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
, then x 2 L.
We have also shown that if x 2 N, the equations can be satisﬁed in the
remaining variables over OLð
ﬃﬃ
d
p
Þ; %W
Lð
ﬃﬃ
d
p
Þ
. Thus, to complete our Diophantine
deﬁnition of OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
\ L over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
\ L, we note that every
element of the intersection can be written as
Pxi
yi
oi, where xi; yia0 2 N
and o1; . . . ;2 OL is a basis of L over Q. ]
Corollary 3.7. Let L be a totally real field and let d 2 L be such that d
and all of its conjugates overQ are negative. Let K ;Fu; u ¼ 1; . . . ; ½Lð
ﬃﬃﬃ
d
p Þ : Q	
be totally real cyclic extensions ofQ of distinct odd prime degrees greater than
½L : Q	. Let WLð ﬃﬃdp Þ be a set of primes of Lð
ﬃﬃﬃ
d
p Þ not splitting in the extensions
FuLð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ and KLð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ except possibly for finitely many
primes. Then OLð ﬃﬃdp Þ;W
Lð
ﬃﬃ
d
p
Þ
\ L has a Diophantine definition over OLð ﬃﬃdp Þ;W
Lð
ﬃﬃ
d
p
Þ
.
Proof. By Theorem 3.6 there exists a set of Lð ﬃﬃﬃdp Þ-primes %W Lð ﬃﬃdp Þ
smaller than WLð ﬃﬃdp Þ by ﬁnitely many primes only and such that L \
OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
has a Diophantine deﬁnition over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
. Since we
can deﬁne integrality over ﬁnitely many primes, to complete our argument
we need to note only that every element of OLð ﬃﬃdp Þ;W
Lð
ﬃﬃ
d
p
Þ
\ L can be written
as a ratio of elements of L \ OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
since the latter set contains all the
algebraic integers of L. ]
Next we make use of the Diophantine deﬁnitions we have constructed
over totally real ﬁelds.
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ﬃﬃ
d
p
Þ be as in Theorem 3.6, but assume
also that p ¼ ½KL : L	 ¼ ½KLð ﬃﬃﬃdp Þ : Lð ﬃﬃﬃdp Þ	 greater than the degree of the
Galois closure of L over Q. Then there exists a set of Lð ﬃﬃﬃdp Þ-primes %W Lð ﬃﬃdp Þ
such that ðW˜Lð ﬃﬃdp Þ= %W Lð ﬃﬃdp ÞÞ [ %ðW Lð ﬃﬃdp Þ=W˜Lð ﬃﬃdp Þ) is finite and OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
\Q
has a Diophantine definition over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
.
Proof. Let W˜L be the subset of primes of L below W˜Lð ﬃﬃdp Þ such that
OL;W˜
Lð
ﬃﬃ
d
p
Þ
\ L ¼ OL; *WL . Then the primes in W˜L do not split in the extension
KL=L. (This follows from the fact that p is odd.) By Corollary 2.3, there
exists a set of L-primes %W L such that ðW˜L= %W LÞ [ %ðW L=W˜LÞ is ﬁnite and
OL; %W L \Q has a Diophantine deﬁnition over OL; %W L . Let Uðt;Z1; . . . ;ZmÞ be
this Diophantine deﬁnition. Let fP1; . . . ;Prg ¼ %W L=W˜L and let
fQ1; . . . ;Qmg ¼ W˜L= %W L. Let %W Lð ﬃﬃdp Þ be the result of adding to W˜Lð ﬃﬃdp Þ of
all the factors of fP1; . . . ;Prg and removing all the factors of fQ1; . . . ;Qmg.
Note that W˜Lð ﬃﬃdp Þ= %W Lð ﬃﬃdp Þ [ %W Lð ﬃﬃdp Þ=W˜Lð ﬃﬃdp Þ is ﬁnite, since we added and
removed ﬁnitely many primes only. Note further that
OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
\ L ¼ OL; %W L . By Corollary 3.7, OLð ﬃﬃdp Þ; %W Lð ﬃﬃdp Þ \ L has Diophan-
tine deﬁnition over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
. Let Pðt;X1; . . . ;XuÞ be this Diophantine
deﬁnition. Next consider the following system of equations with all the
variables ranging over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
:
Uðv;V1; . . . ;VmÞ ¼ 0;
Pðv;X1; . . . ;XuÞ ¼ 0;
PðVi;Xi;1; . . . ;Xi;uÞ ¼ 0; i ¼ 1; . . . ;m:
8><
>:
First assume the system above is satisﬁed over OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
. From
P-equations, we deduce that v;Vi 2 L \ OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
¼ OL; %W L for all
i ¼ 1; . . . ;m. Next from the U-equation we conclude that
v 2 OL; %W L \Q ¼ OLð ﬃﬃdp Þ; %W Lð ﬃﬃdp Þ \Q.
Conversely, assume v 2 OL; %W L \Q ¼ OLð ﬃﬃdp Þ; %W Lð ﬃﬃdp Þ \Q. Then for some
Vi 2 OL; %W L 
 OLð ﬃﬃdp Þ; %W Lð ﬃﬃdp Þ ; i ¼ 1; . . . ;m, the U-equation is satisﬁed.
Further, we note that v;Vi 2 L \ OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
¼ OL; %W L and for all
i ¼ 1; . . . ;m, there exist Xj;Xi;j 2 OLð ﬃﬃdp Þ; %W
Lð
ﬃﬃ
d
p
Þ
with j ¼ 1; . . . ; u such that
the P-equations are satisﬁed. ]
Remark 3.9. We would like to remind the reader that W˜Lð ﬃﬃdp Þ denotes
the set of primes of Lð ﬃﬃﬃdp Þ not splitting in the extensions KLð ﬃﬃﬃdp Þ=Lð ﬃﬃﬃdp Þ
and FuLð
ﬃﬃﬃ
d
p Þ=Lð ﬃﬃﬃdp Þ, for all u, where the ﬁrst equation is a cyclic extension
DIOPHANTINE DEFINABILITY AND DECIDABILITY 247of degree p, the other ones are cyclic extensions of distinct degrees
q1; . . . ; q½Lð
ﬃﬃ
d
p
Þ:Q	, and qu’s and p can be made arbitrarily large. By the
Chebotarev density theorem, the density of this prime set is
ðp  1Þðq1  1Þ . . . ðq½Lð ﬃﬃdp Þ:Q	  1Þ
pq1 . . . q½Lð ﬃﬃdp Þ:Q	
and hence can be made arbitrarily close to 1. Now given this
observation and Theorem 3.8, it is clear that all the theorems we
proved for the totally real case will now apply to the totally
complex extensions of degree 2 of totally real ﬁelds. We state these theorems
below.
Theorem 3.10. Let E be a totally complex extension of degree 2 of a
totally real field. Let WE be any set of primes of E. Then for any e > 0 there
exists a set %W E such that WE = %W E is contained in a set of Dirichlet density less
than e; %W E =WE is finite and such that OE; %W E \Q has a Diophantine
definition over OE; %W E .
Theorem 3.11. Let WQ be any set of rational primes. Then for any e > 0
and any totally complex degree 2 extension E of a totally real number field,
there exists a set of rational primes %WQ such that %WQ=WQ is finite, WQ= %WQ
is contained in a set of primes of density less than e, and OQ; %WQ has a
Diophantine definition in its integral closure in E.
Theorem 3.12. Let E be a totally complex extension of degree 2 of a
totally real field. Let wE be the density of the set of rational primes
splitting completely in E. Then for any e > 0 there exists a set WE of primes of
E whose density is bigger than 1 wE  e and such that Z has a Diophantine
definition over OE; %W E . (Thus, Hilbert’s Tenth Problem is undecidable in
OE;WE .)
Corollary 3.13. Let E be a totally complex extension of degree 2 of a
totally real extension of Q. Then for any e > 0 there exists a set WE of primes
of E whose density is bigger than 1 1=½E : Q	  e and such that Z has a
Diophantine definition over OE;WE .
Theorem 3.14. Let E be any totally complex extension of degree 2 of a
totally real field and let e > 0 be given. Let SQ be the set of all rational primes
splitting in E. (If the extension is Galois but not cyclic, SQ contains all the
primes.) Then there exists a set of E-primes %W E such that the set of rational
primes %SQ below %W E differs from SQ by a set contained in a set of density less
than e and such that Z has a Diophantine definition over OE; %W E .
ALEXANDRA SHLAPENTOKH248APPENDIX
Lemma A.1. Suppose M=F and L=F are finite field extensions. Then M
and L are linearly disjoint over F if and only if ½LM : M	 ¼ ½L : F 	. (For
definition and basic properties of linear disjointness see [7, p. 109].)
Lemma A.2. Suppose M=F and L=F are finite field extensions, with L=F
being a Galois extension. Then M and L are linearly disjoint over F if and only
if M \ L ¼ F .
Proof. First of all, it is clear that if M \ LaF , then M and L are not
linearly disjoint. Suppose now that M and L are not linearly disjoint. Let a
be a generator of L over F . Then by Lemma 4.1, the monic irreducible
polynomial HðTÞ of a over F will factor over M. Let H1ðTÞ be a factor of
HðTÞ in M. Then the coeﬃcients of H1ðTÞ are, on the one hand, elements of
M and, on the other hand, are symmetric functions of some conjugates of a
over F , and thus contained in L}the splitting ﬁeld of HðTÞ. Hence, the
coeﬃcients of H1ðTÞ are contained in M \ L. However, since HðTÞ does not
factor in F , at least one of the coeﬃcients of H1ðTÞ is not in F . Thus,
M \ LaF . ]
Lemma A.3. Let F be a number field. Let N1 be a cyclic extension of F ; N2
a Galois extension of F , linearly disjoint from N1 over F . Then there are
infinitely many primes p of F such that p does not split in N1, its unique factor in
N1 splits completely in the extension N1N2=N1; p splits completely in N2.
Proof. Consider the extension N1N2=F . This extension is Galois.
Further, linear disjointness guarantees that GalðN1N2=FÞ ﬃ GalðN1=FÞ 
GalðN2=FÞ;GalðN1N2=N1Þ ﬃ GalðN2=FÞ; GalðN1N2=N2Þ ﬃ GalðN1=FÞ,
where the last two isomorphisms are realized by restriction. Let s be a
generator of GalðN1=FÞ and consider an N1N2-prime P whose Frobenius
automorphism is ðs; idN2Þ, where idN2 is the identity element of GalðN2=FÞ.
Let GðPÞ ¼ hðs; idN2Þi be the decomposition group of P over F . Then the
decomposition group of P over N1 is GðPÞ \GalðN1N2=N1Þ ¼
hðs; idN2Þi \ fðidN1 ; tÞg ¼ fðidN1 ; idN2Þg, where idN1 is the identity element
of GalðN1=FÞ and t ranges over all the elements of GalðN2=FÞ. Hence, the
decomposition group of P over N1 is trivial. Thus, P1 ¼ P \ N1 splits
completely in the extension N1N2=N1. On the other hand, the decomposition
group of P1 over F is the quotient of the decomposition group of P over F
and over N1 and must be isomorphic to GalðN1=FÞ. Thus, p ¼ P \ F does
not split in the extension N1=F . On the other hand, by a similar argument
the decomposition group of P over N2 is isomorphic to GalðN1N2=N2Þ and,
therefore, P2 ¼ P \ N2 does not split in the extension N1N2=N2. Finally, by
DIOPHANTINE DEFINABILITY AND DECIDABILITY 249looking at the quotient of the decomposition group of P over F and over
N2, we conclude that the decomposition group of P2 over F is trivial and,
therefore, p ¼ P \ F splits completely in the extension N2=F . Now the
result follows by the Chebotarev density theorem. ]
Lemma A.4. Let M=L be a Galois extension of number fields. Let K be a
cyclic extension of L of degree p, where p is a prime number not dividing
½M : L	. Let P be a prime of L not splitting in K . Then any factor of P in M
will not split in the extension MK=M.
Proof. Let p be a factor of P in M and assume that p does not remain
prime in the extension KM=M. Since K=L is a Galois extension, and ½K : L	
is a prime number not dividing ½M : L	; K \ M ¼ L, and K and M are
linearly disjoint over L by Lemma 4.2. Thus, by Lemma 4.1,
½KM : M	 ¼ p; ½KM : K 	 ¼ ½M : L	. Hence, KM=L is a Galois extension
and p has p factors in MK . Therefore, the number of factors of P in MK is
divisible by p. On the other hand, since P has only one factor in K , the
number of factors of P in MK must be a divisor of ½M : L	. Since
p [ ½M : L	, we have a contradiction. ]
Lemma A.5. Let F=E be a finite extension of number fields. Let d be an
integral generator of F over E. Let e be an integral unit of F . Then the
following statements are true:
1. For any A 2 OF there exists a natural number l ¼ lðAÞ such that for
any k ﬃ 0 modulo l; ek ﬃ 1 modulo A (i.e. ek  1 ¼ Aw;w 2 OF ).
2. There exists a natural number l such that for any k ﬃ 0 modulo l;
ek ¼P½F :E	1i¼0 aidi; ai 2 OE .
Proof. Since e is a unit, and OF modulo A is a ﬁnite ring, for some
positive natural number l; el  1 ﬃ 0 modulo A. Clearly ek  1 ﬃ 0 modulo
A for any multiple k of l also.
Let D be the discriminant of d with respect to E, and apply the
preceding argument to D to conclude that for some positive natural number
l for all k, multiples of l, ek  1 ¼ Dw;w 2 OF . Then by a well-known
number theoretic result, ek  1 ¼P½F :E	1i¼0 bidi; bi 2 OE . Thus, the lemma
follows. ]
Lemma A.6. Let M=E be a finite extension of number fields of degree m.
Let d be a generator of M=E. Let x 2 M; x ¼Pm1i¼0 aidi; ai 2 E. Assume that
for some positive constant C, for every s-embedding of M into C; jsðxÞj5C.
Then for every s, embedding of M into C, and every
i ¼ 0; . . . ;m  1; jsðaiÞj5C˜C, where C˜ depends on d only.
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Xm1
i¼0
ajsjðdiÞ ¼ sjðxÞ; j ¼ 1; . . . ;m;
where s1 ¼ id; . . . ; sm are all the embeddings of M into C leaving E ﬁxed.
Solving this system via Crammer’s rule, we can deduce that for each
i ¼ 0; . . . ;m  1,
ai ¼ Piðs1ðdÞ; . . . ; smðdÞ; s1ðxÞ; . . . ; smðxÞÞ;
where for each i; Pi is a ﬁxed, linear in sjðxÞ polynomial. Next let t be an
embedding of M into C which does not ﬁx E. Repeating the argument above
over tðMÞ we will obtain a similar bound for all tðaiÞ. This way we can
obtain a bound as described in the statement of the lemma for all the
conjugates of ai over Q. ]
Lemma A.7. Let M=E be a finite extension of number fields of degree m.
Let MG be the Galois closure of M over E and let mG ¼ ½MG : E	. Let A be
the set of primes of E splitting completely in M. Let wA be the Dirichlet
density of A. Then 1=mG4wA41=m.
Proof. Let H be the Galois group of MG over M and let G be the
Galois group of MG over E. Let t be a prime of E and let s 2 G be
the Frobenius automorphism of one of its factors in MG. Then by
Proposition 2.8, p. 101 of [8], t splits completely in M if and only if, for
every t 2 G, the coset Hts is equal to the coset Ht. Since this should be true
for t equal to the identity of G, we must conclude that s 2 H. Further
Hts ¼ Ht implies that for some c1;c2 2 H;c1ts ¼ c2t. In other words,
for all t 2 G,
tst1 2 H:
By the Chebotarev density theorem, the density of the primes in E with a
factor in MG with Frobenius automorphism equal to s is the number of the
elements in the conjugacy class of s divided by the degree of the extension.
Since all the elements of the conjugacy class of s are in H, and the identity
element of G always satisﬁes the requirements described above, we must
conclude that the density is between 1
mG
and jHj
mG
¼ 1
m
. ]
Lemma A.8. Let M=E be a finite extension of algebraic number fields.
Let g 2 OM generate M over E and let HðTÞ be the monic irreducible
polynomial of g over E. Let WE be a set of primes of E without relative degree
one factors in M. Then for every Q 2 WE , such that Q does not divide the
DIOPHANTINE DEFINABILITY AND DECIDABILITY 251discriminant of g and no coefficient of HðTÞ has a positive order Q, for every
x 2 E; ordQHðxÞ40.
Proof. Let g and Q be as in the statement of the lemma. Then powers of
g constitute a local integral basis of M over E with respect to Q. Thus the
factorization of the minimal polynomial of g modulo Q corresponds to the
factorization of Q in M. (See [9, Proposition 25, p. 27].) Let x 2 E and
assume x has a negative order at Q. Then HðxÞ has a negative order at Q.
On the other hand, suppose x is integral at Q and HðxÞ has a positive order
at Q. Then HðTÞ has a root modulo Q and thus a linear factor modulo Q.
This implies Q has a factor of relative degree 1 in M in contradiction of our
assumption. ]
Lemma A.9. Let %d ¼ fd1; . . . ; dpg; %t ¼ ft1; . . . ; tqg be two sets of complex
numbers such that %d \ %t ¼ |. Let
C%d;%t ¼ min
i¼1;...;q;j¼1;...;p
ðjti  djjÞ:
Let z 2 C and let C%t;z ¼ mini¼1;...;qðjti  zjÞ;C%d;z ¼ minj¼1;...;pðjz  djjÞ. Then
maxðC%t;z;C%d;zÞ512C%d;%t.
Proof. The proof of this lemma is a simple consequence of the triangular
inequality. Indeed, suppose C%t;z512C%d;%t. Note that for all
i; j; jti  dj j4jz  djj þ jz  tij. Thus, for all i; j; jz  djj5jti  djj
jz  tij5C%d;%t  jz  tij. Let i0 be such that 12C%d;%t > C%t;z ¼ jz  ti0 j. Then
for all j; jz  djj512C%d;%t. Hence, C%d;z512C%d;%t. ]
Lemma A.10. Let %t0 ¼ ft0;1; . . . ; t0;q0g; . . . ; %tn ¼ ftn;1; . . . ; tn;qng be a
collection of n þ 1 pairwise disjoint sets of complex numbers. Let
C ¼ miniaj;li¼1;...;qi ;lj¼1;...;qj ðjti;li  tj;lj jÞ. Let fz1; . . . ; zng be a set of
complex numbers. Let Ci ¼ minj¼1;...;qi ;l¼1;...;nðjzl  ti;jjÞ. Then for some i;
Ci >
1
2
C.
Proof. For l ¼ 1; . . . ; n and i ¼ 0; . . . ; n call zl close to %ti if
Ci;l ¼ minj¼1;...;qiðjzl  ti;j jÞ512C. By Lemma 4.9, each zl can be close to at
most one %ti. Thus, there is at least one %ti such that there is no zl close
to it. ]
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